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Chapter 1
Introduction
A branched twist spin is a 2-knot in S4 that is invariant under an effective locally
smooth S1-action on S4, which is studied by Pao in [25] and then Hillman and
Plotnick in [16]. It was not obvious that the total space of a branched twist spin is S4.
Historically, Montgomery and Yang showed that effective locally smooth S1-actions
are classified into four types [21], Fintushel showed that there is a bijection between
orbit data and weak equivalence classes of S1-actions on homotopy 4-spheres [8],
and then Pao showed that the homotopy 4-sphere is actually the 4-sphere [25] by
using a certain induction.
We introduce a branched twist spin briefly. Suppose that S1 acts locally smoothly
and effectively on S4 and the orbit space is S3. Then there are at most two types
of exceptional orbits called Zm-type and Zn-type, where m,n are coprime positive
integers. Let Em (resp. En) be the set of exceptional orbits of Zm-type (resp. Zn-
type) and F be the fixed point set. The image of the orbit map of En, denoted by E
∗
n,
is an open arc in the orbit space S3, and that of F , denoted by F ∗, is the two points
in S3 which are the end points of E∗n. It is known that E
∗
m ∪ E∗n ∪ F ∗ constitutes a
1-knot K in S3 and En ∪ F is diffeomorphic to the 2-sphere. The (m,n)-branched
twist spin of K is defined as En ∪ F . Note that it is known by Plotnick that a
fibered 2-knot is a branched twist spin if and only if its monodromy is periodic [27].
Therefore, this class has special importance among other known classes of fibered
4
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2-knots. Also note that spun knots and twist spun knots are included in the class
of branched twist spins. The definition of a branched twist spin is generalized for
(m,n) ∈ Z×N in [9] by taking the orientation of S4 and that of the S1-action into
account, see Section 4.1. We denote it by Km,n.
Let N(Km,n) denote a compact tubular neighborhood of Km,n. We give two
concrete presentations of pi1(S
4\intN(Km,n)) from presentations of pi1(S3\intN(K))
and the S1-action. The one is obtained by using a Wirtinger presentation of pi1(S
3 \
intN(K)). This presentation is useful to calculate the elementary ideal and the
Alexander polynomial. The other is obtained from a Lin’s presentation of pi1(S
3 \
intN(K)) and a Nagasato-Yamaguchi’s presentation of pi1(M), where M is the m-
fold cyclic branched covering of S3 along K. This presentation is useful to determine
SL(2,C)-metabelian representations since all generators except one are in the first
commutator subgroup of pi1(S
4 \ intN(Km,n)).
The Gluck twist is one of the important surgeries of 4-manifolds. It is known
that a manifold obtained from S4 by the Gluck twist along a 2-knot is a homotopy
4-sphere. However, it is still a question whether the Gluck twist along a 2-knot
yields again S4 or not [18]. In 1976, Gordon showed that the manifold obtained
from S4 by the Gluck twist along an m-twist spun knot Km,1 is always S4 for any
K and integer m [13], and Pao showed the same statement for all branched twist
spins implicitly [25].
The aim of our study is to distinguish branched twist spins by using information
of pi1(S
3 \ intN(K)) and to clarify which 2-knot can be obtained by the Gluck twist
along a branched twist spin. In this thesis, we prove the following theorems:
Theorem 5.0.5. Let Km1,n11 , K
m2,n2
2 be branched twist spins constructed from 1-
knots K1 and K2 in S
3, respectively.
(1) If m1,m2 are even and |∆K1(−1)| ̸= |∆K2(−1)| then Km1,n11 ̸= Km2,n22 .
(2) If m1 is even, m2 is odd and |∆K1(−1)| ̸= 1 then Km1,n11 ̸= Km2,n22 .
In the proof of Theorem 5.0.5, we use the first elementary ideal from a presen-
tation by using Fox calculus and certain equations of elementary ideals, and then
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we may obtain the knot determinant by substituting −1 for the variable t of the
Alexander polynomial of the 1-knot. It is known by Hillman and Plotnick that Km,n
is non-trivial if K is a torus or a hyperbolic 1-knot, m > n and m > 2 [16]. However,
to the best of my knowledge, results about distinguishing branched twist spins are
not known. Thus Theorem 5.0.5 is the first result to distinguish branched twist
spins.
Theorem 6.0.1. The number of conjugacy classes of irreducible SL(2,C)-metabelian
representations of pi1(S
4 \ intN(Km,n)) is
|∆K(−1)| − 1
2
(m : even)
0 (m : odd),
where N(Km,n) is a compact tubular neighborhood of Km,n in S4.
In the proof of Theorem 6.0.1, we reduce the generators and relators in the
presentation of pi1(S
4 \ intN(Km,n)) obtained from Lin’s and Nagasato-Yamaguchi’s
presentations in order to use the presentation of a certain group whose irreducible
SL(2,C)-metabelian representation is already known. Note that Theorem 5.0.5 is
obtained from Theorem 6.0.1 as a corollary since the number of conjugacy classes
of irreducible SL(2,C)-metabelian representations is an invariant of Km,n.
Theorem 7.2.2. Let (m,n) ∈ (Z \ {0}) × N be a coprime pair. Then Km+n,n is
obtained from Km,n by the Gluck twist along Kεn,εm, where ε = 1 if m > 0 and
ε = −1 if m < 0.
The proof of Theorem 7.2.2 is based on the Gordon’s method in [13]. The
4-sphere decomposes into five connected pieces with respect to the orbit data of
the S1-action. Both of the complements of Km,n and Kεn,εm can be obtained by
gluing some of these pieces, and filling the remaining pieces correspond to the Gluck
surgeries. The proof is done by observing this decomposition more precisely with
information of the S1-action. We remark that Pao used a surgery along a branched
twist spin to show that the total space is S4.
As a corollary, we have the following.
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Corollary 7.2.3. Assume that m is odd and Km,n is non-trivial. Then Km,n and
Kε
′m,ε′(m+n) are not equivalent but their complements are homeomorphic, where ε′ =
1 if m+ n > 0 and ε′ = −1 if m+ n < 0.
In consequence, we see that the 2-knot treated in the paper of Gordon [13] is
Kε
′m,ε′(m+1), where ε′ = 1 if m+ 1 > 0 and ε′ = −1 if m+ 1 < 0 .
This thesis is organized as follows: In Chapter 2, we recall a presentation of a
group and group actions briefly and introduce some basic notations about knots.
In Chapter 3, we explain the construction of some examples of 2-knots. The con-
structions do not depend on whether S1 acts on S4 or not. However, these knot
are related to branched twist spins. In Chapter 4, we generalize the definition of
branched twist spins for (m,n) ∈ Z × N and decompose S4 into five connected
pieces in order to prove the theorems in Chapter 5-7. In Chapter 5, we obtain a
presentation of a branched twist spin concretely by using a Wirtinger presentation
of a 1-knot and the decomposition introduced in Chapter 4. Then we observe the
0-th and the first elementary ideals and prove Theorem 5.0.5. In Chapter 6, we
state the Lin’s presentation of a 1-knot and the Nagasato-Yamaguchi’s presentation
of the m-fold cyclic branched cover of S3 along K. Then the Plotnick’s presen-
tation written in [29] can be written concretely by using these presentations. By
using this presentation, we observe irreducible SL(2,C)-metabelian representations
of pi1(S
4 \ intN(Km,n)) and prove Theorem 6.0.1. In Chapter 7, we recall the Gluck
twist in general setting briefly and explain the Gluck twist along an (m,n)-branched
twist spin by showing the gluing maps of the pieces of the decomposition, and then
prove Theorem 7.2.2.
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Chapter 2
Preliminaries
2.1 Presentations of groups
In this section, we introduce finite presentations of groups and Tietze transforma-
tions.
Let F (x) be a free group generated by a set x and r be a set of words written in
x. Set G to be the quotient group of x by r. A group presentation of G is denoted
by 〈x | r〉 and the set x and r are called generators and relators, respectively.
Let 〈y | s〉 be a group presentation of G′ such that the quotient group of y by
s is G′. Since each element of G and G′ is written in x and y, respectively, a map
f : 〈x | r〉 → 〈y | s〉 is regarded as a map from G to G′. The map f is called a
presentation mapping if f is a homomorphism from G to G′.
We define four presentation mappings T1, T
′
1, T2 and T
′
2 as follows:
Let 〈g1, . . . , gs | r1, . . . , rt〉 be a finite presentation of a group G and u be a word
written in r1, . . . , rt. Consider the presentation 〈g1, . . . , gs | r1, . . . , rt, u〉. In this case
a word written in r1, . . . , rt is written in r1, . . . , rt, u. Hence 〈g1, . . . , gs | r, . . . , rt〉,
〈g1, . . . , gs | r1, . . . , rt, u〉, and the identity idx : F (g1, . . . , gs)→ F (g1, . . . , gs) define
a presentation mapping
T1 : 〈g1, . . . , gs | r1, . . . , rt〉 → 〈g1, . . . , gs | r1, . . . , rt, u〉.
9
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Similarly, the inverse
T−11 = T
′
1 : 〈g1, . . . , gs | r1, . . . , rt, u〉 → 〈g1, . . . , gs | r1, . . . , rt〉
of T1 is defined as a presentation mapping.
Starting again from the presentation 〈g1, . . . , gs | r1, . . . , rt〉 of G. Let y be an
element of F (x) that is not contained in G, and let ξ be an element written in
g1, . . . , gs. Consider the presentation 〈g1, . . . , gs, y | r1, . . . , rt, yξ−1〉. The homomor-
phism ι : F (g1, . . . , gs)→ F (g1, . . . , gs, y) defined by
ι(gi) = gi for i = 1, . . . s
induces a presentation mapping
T2 : 〈g1, . . . , gs | r1, . . . , rt〉 → 〈g1, . . . , gs, y | r1, . . . , rt, yξ−1〉.
Also the homomorphism ι′ : F (g1, . . . , gs, y)→ F (g1, . . . , gs) defined byι′(gi) = gi for i = 1, . . . , s,ι′(y) = ξ
induces a presentation mapping
T ′2 : 〈g1, . . . , gs, y | r1, . . . , rt, yξ−1〉 → 〈g1, . . . , gs | r1, . . . , rt〉.
A change of presentations by T1, T
′
1, T2 and T
′
2 is called the Tietze transformation.
It is known that two groups G and G′ are isomorphic if and only if there exists a
finite sequence of Tietze transformations such that the presentation of G goes to
that of G′ [7].
2.2 Theory of transformation groups
By a topological transformation group we mean a triple (G,X,Θ), where G is a
topological group, X is a Hausdorff topological space, and Θ : G×X → X is a map
such that
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(1) Θ(g,Θ(h, x)) = Θ(gh, x),
(2) Θ(e, x) = x,
where g, h are elements of G, e is the unit of G and x is a point in X. The map
Θ is called an action of G on X. The space X, together with a given action Θ of
G, is called a G-space. When Θ is understood from the context we shall often use
the notion g(x) or gx for Θ(g, x), so that (1) and (2) become g(h(x)) = gh(x) and
e(x) = x. For g ∈ G let θg : X → X be the map defined by θg(x) = g(x). Then
θgθh = θgh and θe = idX , the identity map on X, by (1) and (2). Thus
θgθg−1 = idX = θg−1θg
which shows that each θg is a homeomorphism of X.
Let Homeo(X) denote the group (under composition) of all homeomorphisms of
X onto itself. Then g 7→ θg defines a homomorphism
θ : G→ Homeo(X).
The kernel of this homomorphism θ is called the kernel of the action Θ. Thus
KerΘ = {g ∈ G | g(x) = x for all x ∈ X}
and is a normal subgroup of G. It is clearly closed in G.
The action Θ is called effective if KerΘ is trivial (that is, if θ is an injection) and
it is called almost effective if KerΘ is a discrete subgroup of G. It is known that,
for a non effective G-action Θ on X, there is a canonically induced effective action
Θ/KerΘ of G/N on X, where N = KerΘ..
A G-equivariant map (or a G-map) φ : X → Y between G-spaces X and Y is a
map which commutes with the group actions on X and Y , that is,
φ(g(x))) = g(φ(x)) for all g ∈ G and x ∈ X.
A G-equivariant map φ : X → Y , which is also a homeomorphism, is called a
G-equivalence of G-spaces. Note that the inverse φ−1 of φ is also G-equivariant,
since
φ−1(g(y)) = φ−1(g(φ(x))) = φ−1φ(g(x)) = g(x) = g(φ−1(y))
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holds, where y = φ(x). Then, for a fixed topological group G, the G-space forms a
category whose morphisms are G-equivariant maps.
Two actions which are equivalent cannot be topologically distinguished from one
to the another. Thus they are regarded as essentially the same. It is also reasonable
to regard two actions as essentially the same if they differ only by an automorphism
of G. Thus we say that two G-spaces X and Y are weakly equivalent if there is an
automorphism α of G and a homeomorphism φ : X → Y with
φ(g(x)) = α(g)(φ(x)) for all g ∈ G and x ∈ X.
Now suppose that X is a G-space and let x ∈ X. The set
Gx = {g ∈ G | g(x) = x}
of elements of G leaving x fixed is clearly a closed subgroup of G. Thus Gx is called
the isotropy subgroup of G at x. Note that the kernel of the action is just
⋂
x∈X Gx.
An action of G on X is said to be free if Gx is trivial for each x ∈ X.
If X is a G-space and x ∈ X, then the subspace
G(x) = {gx ∈ X | g ∈ G}
is called the orbit of x. If g(x) = h(y) for some g, h ∈ G and x, y ∈ X, then for any
g′ ∈ G, g′(x) = g′g−1h(y) ∈ G(y) This implies that G(x) ⊂ G(y). Conversely we
also have G(y) ⊂ G(x). Thus the orbits G(x) and G(y) of any two points x, y in X
are either equal or disjoint.
If the isotropy group Gx at x is isomorphic to a subgroup H in G, then G(x) is
called the orbit of type G/H. we can classify orbit types into three cases as follows:
An orbit of type G/H in X is called principal orbit if H is conjugate to a subgroup
of each isotropy group. Note that a free orbit is a principal orbit. If P is a principal
orbit and Q is any orbit, then there is a G-equivariant map P → Q. If the orbit
type of P is G/H and that of Q is G/K, then H is conjugate to a subgroup of K
and, without loss of generality, we may assume that K ⊃ H. Then a G-equivariant
map P → Q is a fiber bundle projection G/H → G/K with fiber K/H. If dimP >
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dimQ, then Q is called a singular orbit. If dimP = dimQ but P and Q are not
equivalent, then Q is called an exceptional orbit.
We denote by X∗ the set of orbits x∗ = G(x) of G on X (thus X∗ = y∗ if and
only if x and y are in the same orbit). Let pi = piX : X → X∗ denote the natural map
taking x into its orbit x∗ = G(x). Then X∗ endowed with the quotient topology is
called the orbit space of X with respect to G.
A point x in a G-space X is called a fixed point if G(x) = {x}, that is, Gx = G.
Let H be a compact subgroup of G and let H act on a space A. Then H acts
on G × A by (h, (g, a)) 7→ (gh−1, ha). Let G ×H A denote the orbit space of this
H-action. The H-orbit of (g, a) will be denoted by [g, a], so that [g, a] = [g′, a′] if
and only if there is an h ∈ H with g′ = gh−1 and a′ = ha. Define a G-action on
G×H A by putting
g′[g, a] = [g′g, a].
Then G×H A is a G-space and is called a twisted product of G and A by H.
Let X be a G-space with G compact and let P ∈ X be an orbit of type G/H.
By a tube about P we mean a G-equivariant embedding
φ : G×H A→ X
onto an open neighborhood of P in X, where A is some space on which H acts.
Let x ∈ X be a point in the G-space X and S be a subset of X that contains x
and satisfies Gx(S) = S. Then S is called a slice at x if the map
G×Gx S → X,
taking [g, s] 7→ g(s), is a tube about G(x). Especially, if G is a compact Lie group
and H acts on A orthogonally, then a tube and a slice are called a linear tube and
a linear slice, respectively. We shall say that the G-space X is locally smooth if
there exists a linear tube about each orbit. Note that, since G×H A is an A-bundle
over G/H, it is a manifold. Thus X must be a topological manifold if it is locally
smooth.
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2.3 Knot theory
Let k : Sn ↪→ Sn+2 be a smooth embedding from Sn to Sn+2. The image k(Sn) in
Sn+2 is called an n-knot, denoted by K. Especially, if K bounds an (n+1)-ball, K is
called the trivial n-knot. Let K and K′ be n-knots. K and K′ are said to be equivalent
if there exists an isotopy F : Sn+2 × I → Sn+2 of Sn+2 that satisfies F (x, 0) = x
and F (K, 1) = K′. Throughout this thesis, we treat the equivalence classes of
n-knots and call them knot types. If K and K′ have the same knot type, then we
write K = K′. Let N(K) be a compact tubular neighborhood of K. The complement
Sn+2\ intN(K) of the interior of K in Sn+2 is called the knot complement of K. Since
the first homology groupH1(S
n+2\intN(K)) is isomorphic to the infinite cyclic group
for all n-knots, we can not distinguish the knot type by H1(S
n+2 \ intN(K)). On
the other hand, the fundamental group pi1(S
n+2 \ intN(K)) of the knot complement
of K is usually non-trivial. The group pi1(Sn+2 \ intN(K)) is called the knot group
of K and it is well-studied. Papakyriakopoulos showed that a 1-knot is trivial if and
only if its knot group is trivial [26] and Gordon and Luecke showed that the knot
type of a 1-knot is determined by its knot group [14].
We define an Alexander matrix and an elementary ideal of an n-knot. Assume
that a presentation 〈x1, . . . , xs | r1, . . . , rt〉 of pi1(Sn+2 \ intN(K)) is given. Let F be
the free group generated by x1, . . . , xs and
∂
∂xi
: ZF → ZF be a map on the group
ring ZF given as
∂xi
∂xj
= δij (Kronecker
′s delta)
∂uv
∂xi
=
∂u
∂xi
+ u
∂v
∂xi
(∀u, v ∈ F ).
The set
 ∂x∂xi

1≤i≤s
of these maps is called a Fox derivative or a Fox calculus.
Let a : pi1(S
n+2 \ intN(K)) → H1(X) ∼= Z〈t〉 be the quotient map. This map
induces a map a∗ : Zpi1(Sn+2 \ intN(K))→ Z[t, t−1] naturally. The matrix A defined
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by
A =
a∗
 ∂ri
∂xj

is called an Alexander matrix of K. Note that H1(Sn+2 \ intN(K);Z) ∼= Z holds
for all n-knots, and a takes a meridian of K to the generator t of Z.
In the case of a 1-knot, it is very common to use a Wirtinger presentation for
describing the knot group of K. Then the abelianization map takes each generator
to the generator t of H1(S
3 \ intN(K);Z).
Two Alexander matrices A and A′ are said to be equivalent, denoted by A ∼ A′, if
A′ is obtained from A by the following operations: (1) Permuting rows or permuting
columns; (2) Adjoining to a row or a column a linear combination of other rows or
columns, respectively; (3) A→
(
A
0
)
; (4) A→
(
A 0
0 1
)
.
For the Alexander matrix A ∈ M(p, q,Z[t, t−1]) of K over Z[t, t−1] and non-
negative integer k, the k-th elementary ideal Ek(A) of K is defined as follows:
• Ek(A) is the ideal generated by determinants of all (q−k)×(q−k)-submatrices
of A if 0 < q − k ≤ p,
• Ek(A) = 0 if q − k > p,
• Ek(A) = Z[t, t−1] if q − k ≤ 0.
For all k, we have Ek ⊂ Ek+1. If K = K′, a presentation of the knot group of K′
is obtained from that of K by Tietze transformations. Since Tietze transformations
preserve the equivalence class of Alexander matrices, we denote Ek(A) by Ek(K).
At the last of this chapter, we introduce an algorithm to obtain a presentation of
the knot group pi1(S
3\ intN(K)) of 1-knot from the knot diagram, called a Wirtinger
presentation. To distinguish an n-knot and a 1-knot, we denote a 1-knot by K
instead of K. Let R3 be the three dimensional Euclidean space obtained from S3 by
removing one point far from K. Set (x, y, z) ∈ R3 to be the standard coordinates
on R3. Let p : R3 → R2 be the projection given as
p(x, y, z) = (x, y).
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Moving K by an isotopy of R3 if necessary, we assume that the image p(K) of K
by p lies generically in R2, that is, the singular set of p(K) consists of only double
points. The image p(K) is called a regular projection of K. For each double point
of p(K), we can order its pre-images p1 and p2 in R3 by the z-coordinate. Then the
regular projection p(K) has over/under information at each double point. Such a
diagram is called a knot diagram of K. See Figure 2.1.
Figure 2.1: knot diagram
For a 1-knot, a presentation of pi1(S
3 \ intN(K)) is obtained as follows: Let b0 is
a point in R3. This is the base-point of pi1(S3 \ intN(K)). We can regard p(K) as
a set of arcs that are obtained by cutting the under arc at each double point. Let
{a1, . . . al} be the set of arcs of p(K) and xi be a loop, whose base is b0, that wraps
ai only once. Then pi1(S
3 \ intN(K)) has a presentation
〈x1, . . . , xl | r1, . . . rl〉,
where ri is defined as in Figure 2.2.
Figure 2.2: Relations at crossing points
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This presentation is called a Wirtinger presentation of K. Note that the Wirtinger
presentation does not depend on the orientation of K.
The Wirtinger presentation will be used in Chapter 5 to prove Theorem 5.0.5.
Chapter 3
Some constructions of 2-knots
In this chapter, we introduce three examples of a 2-knot that are constructed from
a 1-knot. The first two examples are examples of branched twist spins and the last
example is more general.
3.1 Spun knots
The first example of non-trivial 2-knot is constructed by Artin [3]. Let R4 be the
four dimensional Euclidean space. In R4, consider the subsets
R3+ = {(x1, x2, x3) | x3 ≥ 0}
and
R2 = {(x1, x2, 0, 0)}.
We can spin any point x = (x1, x2, x3, 0) of R3+ about R2 according to the formula
xθ = (x1, x2, x3 cos θ, x3 sin θ).
Define the spin, X∗, of any set X ⊂ R3+ to be
X∗ = {xθ | x ∈ X, 0 ≤ θ ≤ 2pi}.
To obtain a knot in R4, choose an arc A in R3+ with endpoints in R2. See Figure 3.1.
Let L be a segment, lying on the boundary of R3+ , joining the endpoints of A and let
18
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K be a 1-knot consisting of the a union of A and L. The set A∗ is a 2-sphere in R4,
called a spun knot of K. By using the Van Kampen’s theorem, we see that the group
of A∗ is isomorphic to pi1(R3+ \A), which in turn is isomorphic with the group of the
knot A∪L in R3. From the Van Kampen’s theorem, we see that pi1(S4 \ intN(A∗))
is isomorphic to pi1(S
3 \ intN(K)).
Figure 3.1: The spin of R3+ along R2
3.2 Twist spun knots
Zeeman generalized Artin’s construction [35]. Consider the upper half space R3+ and
the arc A defined in the previous section. Let D3+ be a 3-ball in the interior of R3+
and A+ = D
3
+ ∩ A. Zeeman’s idea is that he twists D3+ m times for the direction
of the equator of D3+ while D
3
+ is rolling one time along the axis R2. Then the
orbit of A+ by the twisting and the spinning is diffeomorphic to S
2. Note that S4
is decomposed as D3+ × ∂D2 and ∂D3+ ×D2. Let f : ∂D3+ × ∂D2 → ∂D3+ × ∂D2 be
the diffeomorphism given as
f(x, φ, θ) = f(x, φ+mθ, θ),
where the coordinates (x, θ) ∈ ∂D3+ are spherical coordinates on ∂D3+ and θ is the
angle of the polar coordinates of ∂D2 ⊂ D2. Since f is isotopic to the identity on
∂D3+× ∂D2, the union of D3+×S1 and ∂D3+×D2 is diffeomorphic to S4. The union
CHAPTER 3. SOME CONSTRUCTIONS OF 2-KNOTS 20
of A+ × S1 and ∂A+ ×D2 by f |∂A+×S1 is diffeomorphic to S2. This 2-knot is called
an m-twist spun knot of K, denoted by Km.
It is known that a presentation for pi1(R4 \Km) can be obtained from a presen-
tation of pi1(R3+ \A) by adjoining additional relations such that xm commutes with
all the other variables, where x induces a generator [x] of H1(R3+ \ A,Z) ∼= Z. If
m = ±1, then pi1(R4 \Km) is trivial since x commutes with all the other variables.
Using a fiberedness of the knot complement of a twist spun knot, Zeeman showed
that the 1-twist spun knot K±1 of any 1-knot is exactly a trivial 2-knot [35].
3.3 Deformed spun knots
Litherland generalized Artin’s and Zeeman’s ideas in general dimension. LetX×gS1
denote the space defined by
X × I/((x, 1) ∼ (g(x), 0) : x ∈ X),
where X is a space and g : X → X is a homeomorphism. An element x×˜θ denotes
the image of (x, θ) in X ×g S1. Let (Bn+2, A) be a ball pair with A ∼= Bn and
∂A =: A ∩ ∂Bn+2. The spin of (Bn+2, A) is the sphere pair
(∂(Bn+2, A)×B2) ∪∂ ((Bn+2, A)× ∂B2).
The notion of deforming the knotted ball A during the spinning process may be
expressed as follows. Let f : Bn+2 × I → Bn+2 × I be an isotopy relative to ∂Bn+2
such that f(A, 1) = A. The deforming spun corresponding to f is then the sphere
pair
(∂(Bn+2, A)×B2) ∪∂
(
Bn+2 × ∂B2,
⋃
θ∈I
[f(A, θ)× θ¯]
)
, (3.3.1)
where θ¯ ≡ θ (mod Z).
The homeomorphism g = f−1 : Bn+2× I → Bn+2× I induces a homeomorphism
g¯ : Bn+2 × ∂B2 → Bn+2 ×g(−,1) ∂B2,
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with g¯|∂Bn+2×∂B2 = id∂Bn+2×∂B2 .
The map g¯ sends
⋃
θ∈I [f(A, θ), θ¯] to
⋃
θ∈I [A×˜θ¯] = A ×g(−,1) ∂B2. Extending g¯
by the identity, we get a homeomorphism from the pair of (3.3.1) to the pair
(∂(Bn+2, A)×B2) ∪∂ ((Bn+2, A)×g(−,1) ∂B2).
For any homeomorphism h : (Bn+2, A)→ (Bn+2, A) with h|∂B2 = id∂Bn+2 , set
P (h) = (∂(Bn+2, A)×B2) ∪∂ ((Bn+2, A)×h ∂B2).
It is known that P (h) is isomorphic to a locally flat sphere pair (Sn+2, Sn), depending
only on the pseudo-isotopy class of h. The n-knot (∂A×B2)∪∂ (A×h ∂B2) is called
a deformed spun knot.
Chapter 4
Branched twist spins
4.1 Definition of branched twist spins
The study of effective locally smooth circle actions on the four sphere began with
Montgomery and Yang. They showed in [21] that effective locally smooth circle
actions on a homotopy four sphere are classified into four types: (1) {D3}, (2) {S3},
(3) {S3,m}, (4) {(S3, K),m, n}. Here D3 and S3 in (1)-(4) represent the orbit
spaces, m and n represent exceptional orbits of Zm-type and Zn-type, and K is the
union of the images of exceptional orbits and the fixed point set in the orbit space
S3, that constitutes a 1-knot. These four types are called orbit data. Fintushel
showed that there is a bijection between orbit data and weak equivalence classes
of S1-actions on homotopy 4-spheres [8], and then Pao showed that the homotopy
4-sphere is actually the 4-sphere [25] by using a certain induction.
Suppose that S4 has an effective locally smooth S1-action. We consider the S1-
actions of type (3) and type (4). Let Em and En be the sets of exceptional orbits of
Zm-type and Zn-type, respectively, and F be the fixed point set. Here, when n = 1,
the S1-action is of type (3). Let E∗m, E
∗
n and F
∗ denote the images of the orbit map
of Em, En and F , respectively. Then Em ∪ F and En ∪ F are diffeomorphic to the
2-sphere and the image of all exceptional orbits and the fixed point set constitutes
a 1-knot K = E∗m ∪ E∗n ∪ F ∗, see Figure 4.1.
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E∗m
E∗n
F ∗
Figure 4.1: The images of exceptional orbits and fixed points in S3
Now we give the definition of (m,n)-branched twist spins for (m,n) ∈ Z×N. To
do this, we need to fix orientations of S4 and the S1-action on S4, and observe the
direction of twisting in neighborhoods of the exceptional orbits. Let (m,n) be a pair
of integers in Z×N such that |m| and n are coprime. Here we further assume that
m ̸= 0. First, we decompose the orbit space S3 into five pieces, see Figure 4.2. The
Figure 4.2: Decomposition of N(K)
set F ∗ consists of two points, say x∗1 and x
∗
2, and let D
3∗
i be a small compact ball in
S3 centered at x∗i for i = 1, 2. Choose a compact tubular neighborhood N(K) of K
sufficiently small such that N(K)\int(D3∗1 ∪D3∗2 ) has two connected components Nm
and Nn with Nm ∩ E∗m ̸= ∅ and Nn ∩ E∗n ̸= ∅. Set Ec∗m and Ec∗n to be the connected
components of N(K) \ int(D3∗1 ∪D3∗2 ), where Ec∗m ⊂ Nm and Ec∗n ⊂ Nn, respectively.
Note that Nm and Nn are diffeomorphic to E
c∗
m ×D2 and Ec∗n ×D2, respectively. Let
X be the closure of S3 \ ((Ec∗m ×D2) ∪ (Ec∗n ×D2) ∪D3∗1 ∪D3∗2 ), which is the knot
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complement of K. Then we have the following decomposition:
S3 = X ∪ (Ec∗m ×D2) ∪ (Ec∗n ×D2) ∪D3∗1 ∪D3∗2 . (4.1.1)
Let p : S4 → S3 be the orbit map. Each point of X is the image of a free orbit.
Thus p|X × S1 is a principal S1-bundle. The preimage p−1(X) is diffeomorphic
to X × S1 and p|X × S1 : X × S1 → X is the first projection since H2(X;Z) =
H1(X, ∂X;Z) = 0 (cf. [4, Chapter 2]).
Let B4i be a linear slice at p
−1(x∗i ), which is a closed 4-ball. By [8], p
−1(D3∗i ) is
diffeomorphic to B4i and the action on p
−1(D3∗i ) coincides with that on B
4
i . Note
that the action on B4i is the cone of the action of ∂B
4
i and so the action on p
−1(D3∗i )
is the cone of the action of p−1(∂D3∗i ).
Choosing a point z∗m in E
c∗
m , let D
2∗
z∗m be a 2-disk in S
3 centered at z∗m ∈ Ec∗m and
transversal to Ec∗m . The preimage p
−1(D2∗z∗m) is a solid torus Vm whose core is the
exceptional orbit of Zm-type. In the same way, choosing a point z∗n ∈ Ec∗n , let D2∗z∗n be
a 2-disk in S3 centered at z∗n ∈ Ec∗n and transversal to Ec∗n . The preimage p−1(D2∗z∗n)
is a solid torus Vn whose core is the exceptional orbit of Zn-type. Note that, since
Vm ∪Vn = p−1(∂D3∗i ) is a 3-sphere, p−1(y∗) (y∗ ∈ ∂D2∗zm) is a curve on ∂Vm rotating,
up to orientation, m times along the meridian and n times along the longitude of
Vm, where n is determined module m due to the self-homeomorphisms of Vm.
Now we fix the orientations of Vm and E
c∗
m as follows: First, fix the orientation
of S4 and those of orbits such that they coincide with the direction of the S1-action.
These orientations determine the orientation of Vm × Ec∗m . Let (φ, θ) be a preferred
meridian-longitude pair of X. From the decomposition of the orbit space S3, we
can see that φ is regarded as a coordinate of the second factor of Vm × Ec∗m . We
assign the orientation of Vm so that the orientation of Vm × Ec∗m coincides with the
given orientation of S4. Finally, we choose the meridian and longitude pair (Θ, H)
of Vm ∼= D2 × S1 such that H becomes the meridian of Vn in the decomposition
Vm∪Vn = p−1(∂D3∗i ) and the orbits of the S1-action are in the direction εnΘ+ |m|H
with n > 0, where ε = 1 if m ≥ 0 and ε = −1 if m < 0.
Definition 4.1.1 (Branched twist spin). For each pair (m,n) ∈ Z×N with m ̸= 0
such that |m| and n are coprime, let Km,n be the 2-knot En ∪ F . If (m,n) =
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(0, 1) then let K0,1 be the spun knot of K. The 2-knot Km,n is called an (m,n)-
branched twist spin of K.
Note that the branched twist spin Km,1 constructed from {(S3, K),m, 1} is an
m-twist spun knot of K.
4.2 Complements of branched twist spins
LetN(Km,n) be a compact tubular neighborhood ofKm,n andXm,n = S4\intN(Km,n)
be the knot complement of Km,n. In this section, we give a decomposition of S4
from the pieces in (4.1.1) by using the S1-action and construct Xm,n by defining
attaching maps concretely.
From the given orientations of S4 and the S1-action, we first fix coordinates on
∂X × S1 as follows. Let (θ, x) be coordinates on ∂X ∼= ∂D2 × S1 such that θ is the
meridian and x is the longitude of K in S3. The coordinates on ∂X× [0, 1] ⊂ X are
given by (θ, x, y), where ∂X lies in ∂X×{0}. Reversing the direction of θ if necessary,
we may assume that the coordinates (θ, x, y, h) on ∂X×[0, 1]×S1 are consistent with
the orientation of S4, where h is the direction of the S1-action. The orientation of X
is given by (θ, x, y). Then, using the projection ∂X× [0, 1]×S1 → ∂X×S1, we have
the coordinates (θ, x, h) on ∂X×S1. Next we define coordinates on ∂Vm×Ec∗m . The
4-ball B41 is homeomorphic toD
2
m×D2n, whereD2m (resp. D2n) is a 2-disk whose center
corresponds to the exceptional orbit of Zm-type (resp. Zn-type). The boundary ∂B41
is homeomorphic to Vm ∪ Vn, where Vm = D2m × ∂D2n and Vn = ∂D2m × D2n. Let
(r1, θ1) be polar coordinates of D
2
m and (r2, θ2) be polar coordinates of D
2
n such that
(r1, θ1, r2, θ2) are consistent with the orientation of S
4. We may choose the indices
of B1 and B2 such that the direction of x is from the origin of B1 to that of B2
through Ec∗m , see Figure 4.3. The coordinates on ∂Vm × Ec∗m are given as (θ1, r2, θ2)
and r2 coincides with x on ∂Vm×Ec∗m Thus the coordinates on ∂Vm×Ec∗m are given
as (θ1, x, θ2).
As we mentioned in Section 4.1, the free orbits are curves on ∂Vm ∼= ∂D2m×∂D2n
rotating, up to orientation, m times along ∂D2n and n times along ∂D
2
m. Changing
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the coordinates (θ1, θ2) into (−θ1,−θ2) if necessary, we assume that the free orbits on
∂Vm ∼= ∂D2m×∂D2n are rotating εm times along ∂D2n and εn times along ∂D2m, where
ε = 1 if m ≥ 0 and ε = −1 if m < 0. Comparing the free orbits in ∂D2m×Ec∗m ×∂D2n
and ∂X × S1, we can see that the gluing map g : ∂D2m × Ec∗m × ∂D2n → ∂X × S1 of
D2m × Ec∗m × ∂D2n and X × S1, that yields Xm,n, satisfies the equality
(θ, x, h) = g(αθ + εnh, x,−βθ + εmh),
where α and β are integers satisfying mα + nβ = ε. Since the orientations of
(θ, x, y, h) and (r1, θ1, r2, θ2) coincide with that of S
4, the map g is orientation pre-
serving. In terms of the coordinates (θ1, x, θ2), we can write g as
g(θ1, x, θ2) = (εmθ1 − εnθ2, x, βθ1 + αθ2).
Let cθ, ch, cθ1 and cθ2 be 1-cycles given by
cθ = {(θ, xˆ, hˆ) ∈ ∂X × S1 | θ ∈ [0, 2pi]},
ch = {(θˆ, xˆ, h) ∈ ∂X × S1 | h ∈ [0, 2pi]},
cθ1 = {(θ1, xˆ, θˆ2) ∈ ∂Vm × Ec∗m | θ1 ∈ [0, 2pi]},
cθ2 = {(θˆ1, xˆ, θ2) ∈ ∂Vm × Ec∗m | θ2 ∈ [0, 2pi]},
where xˆ, hˆ, θˆ1 and θˆ2 are constants. These cycles are oriented according to the
coordinates θ, h, θ1 and θ2. By using these 1-cycles, the induced map g∗ : H1(∂D2m×
Ec∗m × ∂D2n)→ H1((∂X × S1) ∩ (∂Vm × Ec∗m )) is represented as
(g∗(cθ1), g∗(cθ2)) = (cθ, ch)
(
εm −εn
β α
)
, (4.2.1)
which corresponds to f−1∗ defined in [9].
In summary, we have
S4 = N(Km,n) ∪Xm,n
= ((B41 ∪B42) ∪ (∂D2m × Ec∗n ×D2n)) ∪Xm,n
= ((B41 ∪B42) ∪ (∂D2m × Ec∗n ×D2n)) ∪ ((D2m × Ec∗m × ∂D2n) ∪g (X × S1)).
(4.2.2)
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Figure 4.3: The coordinate x on Vm × Ec∗m and Vn × Ec∗n
Next we define the gluing map of ∂D2m × Ec∗n ×D2n and X × S1. As we did for
B41 , the coordinates of B
4
2
∼= D2m′ × D2n′ is defined as (r′1, θ′1, r′2, θ′2), where (r′1, θ′1)
and (r′2, θ
′
2) are polar coordinates on D
2
m
′
and D2n
′
, respectively. Since D2m
′× ∂D2n′ ⊂
D2m × Ec∗n × ∂D2n we may assume that r1 = r′1, θ1 = θ′1 and θ2 = θ′2. Comparing
the coordinates r2 of (r1, θ1, r2, θ2) and r
′
2 of (r
′
1, θ
′
1, r
′
2, θ
′
2), we have r2 = −r′2, see
Figure 4.4. Then, as we did for g, the gluing map e : ∂D2m×Ec∗n × ∂D2n → ∂X ×S1
Figure 4.4: The coordinates r1, r2, r
′
1, r
′
2 and x
is defined as
e(θ′1, r
′
2, θ
′
2) = (εmθ
′
1 − εnθ′2, r′2, βθ′1 + αθ′2).
Replacing x by r′2, we have
e(θ1, x, θ2) = (εmθ1 − εnθ2, x, βθ1 + αθ2). (4.2.3)
Since the disjoint union of 4-balls B41 ∪ B42 is a cone of the union of Vn × ∂Ec∗n and
Vn × ∂Ec∗n , B41 ∪ B42 and (∂D2m × Ec∗n × D2n) ∪e Xm,n are glued identically along
∂B41 ∪∂B42 . This means e∪ id is the attaching map of (∂D2m×Ec∗n ×D2n)∪ (B41 ∪B42)
and Xm,n, that yields S4.
Chapter 5
The first elementary ideals of
branched twist spins
In this chapter, we will prove Theorem 5.0.5. As we saw in section 4.2, S4 decom-
poses into five connected pieces and gluing maps of these pieces had been described.
The following lemma can be described from this decomposition. Then the following
lemma holds.
Lemma 5.0.1. Let K be a 1-knot and Km,n be the (m,n)-branched twist spin of K
with (m,n) ∈ Z × N, where |m| and n are coprime. Let 〈x1, . . . , xs | r1, . . . , rt〉 be
a presentation of the knot group of K such that x1 is a meridian. Then the knot
group of Km,n has the presentation
pi1(S
4 \ intN(Km,n)) ∼= 〈x1, . . . , xs, h | r1, . . . , rt, xihx−1i h−1, x|m|1 hβ〉,
where β is an integer such that nβ ≡ ε (mod m). Recall that ε = 1 if m ≥ 0 and
ε = −1 if m < 0.
Proof. The knot complement of Km,n is given by X × S1 ∪g Vm × Ec∗m , where the
map g : ∂D2∗ ×Ec∗m × S1 → ∂Vm ×Ec∗m is the attaching map defined in Section 4.2.
By the discussion of the orientations in Section 4.2, the induced map g∗ :
H1(∂D
2∗ × Ec∗m × S1)→ H1(Vm × Ec∗m ) must satisfy
28
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(g∗(cθ1), g∗(cθ2) = (cθ, ch)
(
|m| −εn
β α
)
,
where α and β are integers satisfying mα + nβ = ε. Hence g∗(cθ1) = |m|cθ + βch
and g∗(cθ2) = −εncθ + αch hold. Since g∗(cθ1) is null-homologous in Vm × Ec∗m ,
pi1(S
4 \ intN(Km,n)) ∼= 〈x1, . . . , xs, h | r1, . . . , rt, xihx−1i h−1, x|m|1 hβ〉
holds by the Van Kampen’s theorem.
Remark 5.0.2. Since ∂D4i is the union of Vm and Vn, the meridian η of K
m,n is
that of Vn, named cθ2 in the above proof. From the relation g∗(cθ2) = −εncθ + αch,
we have η = c−εnθ c
α
h .
Remark 5.0.3. It is worth noting that, in [33, 34], Teragaito gave a criterion to
distinguish two non-equivalent roll-spun knots by regarding the presentations of their
knot groups as the fundamental groups of 3-manifolds obtained by 0-surgeries on
1-knots in S3. In our case, the presentation in Lemma 5.0.3 with substituting 1 for
h corresponds to the group of a cone-manifold as we can guess from the presentation
(cf. [6]), though we lose the information of β by this substitution.
Now we study the elementary ideals of the knot group of Km,n. Hereafter we fix
a Wirtinger presentation of the knot group K as
〈x1, . . . , xl | r1, . . . , rl〉. (5.0.1)
Then,
pi1(S
4 \ intN(Km,n)) ∼= 〈x1, . . . , xl, h | r1, . . . , rl, xihx−1i h−1, x|m|1 hβ〉 (5.0.2)
holds by applying Lemma 5.0.1. Let rl+i be xihx
−1
i h
−1 for each i (1 ≤ i ≤ l),
and let r2l+1 be x
|m|
1 h
β. Then, using the induced map a∗ and Fox calculus for this
presentation, the Alexander matrix A of Km,n is written as
A =
(
a∗
(
∂ri
∂xj
))
.
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Lemma 5.0.4. The k-th elementary ideal of Km,n has the following property:
(1) E0(K
m,n) = 0.
(2) Let β be a positive integer satisfying nβ ≡ ε (mod m). The ideal E1(Km,n) is
the ideal generated by the following elements:
∆K(t
β)
{
(1− t|m|), (1− tβ), 1− t
|m|β
1− tβ ,
1− t|m|β
1− t|m|
}
,
Gi(t
β)(1− t|m|)
{
(1− t|m|), (1− tβ), 1− t
|m|β
1− tβ ,
1− t|m|β
1− t|m|
}
,
(1− t|m|)l−1
{
(1− t|m|), (1− tβ), 1− t
|m|β
1− tβ ,
1− t|m|β
1− t|m|
}
,
where l is the number of generators of the knot group of K and Gi(t) are
generators of E2(K). Especially, E1(K
m,n) ̸= 0.
Here the notation P{Q1, Q2, Q3, Q4} means PQ1, PQ2, PQ3, PQ4.
Proof. From Lemma 5.0.1, we have the presentation (5.0.2) of the knot group of
Km,n. By Remark 5.0.2, the meridian ofKm,n is written as x−εn1 h
α, wheremα+nβ =
ε. Since the quotient map a sends x−εn1 h
α to the generator t of H1(X;Z), we have
a(x1) = · · · = a(xl) = t−β, a(h) = t|m|. Then the Alexander matrix A obtained
from (5.0.2) is given by
A =

0
...
B ...
...
0
1− t|m| t−β − 1
. . . O ...
O . . . ...
1− t|m| t−β − 1
1− t−|m|β
1− t−β 0 · · · 0
t−|m|β(1− t|m|β)
1− t|m|

, (5.0.3)
where B is the Alexander matrix of K obtained from the Wirtinger presenta-
tion (5.0.1) by replacing t with t−β. Since ri is xixjx−1i x
−1
k , for each i = 1, . . . l,
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the entries in the i-th row of A satisfy
a∗
(
∂xixjx
−1
i x
−1
k
∂xp
)
=

1− t−β (p = i)
t−β (p = j)
−1 (p = k)
0 (p : others)
.
Therefore we have
∑l
p=1 a∗
(
∂xixjx
−1
i x
−1
k
∂xp
)
= 0. Hence, A is equivalent to
A′ =

0 0
...
...
... B1
...
...
...
0 0
1− t|m| t−β − 1
. . . O 0
. . .
...
O ...
1− t|m| 0
1− t−|m|β
1− t−β 0 · · · 0
t−|m|β(1− t|m|β)
1− t|m|

,
where B1 is an l × (l − 1) matrix. Each (l + 1) × (l + 1) submatrix of A′ should
contain both the (l+1)-th row and the (2l+1)-th row if its determinant is not zero.
Then any (l + 1)× (l + 1) submatrix has the form
0 0
... B2
...
0 0
1− t|m| 0 · · · 0 t−β − 1
0 0
... B3
...
0 0
1−t−|m|β
1−t−β 0 · · · 0 t
−|m|β(1−t|m|β)
1−t|m|

,
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where
(
B2
B3
)
is an (l − 1)× (l − 1) matrix, and its determinant has the factor
∣∣∣∣∣ 1− t|m| t−β − 11−t−|m|β
1−t−β
t−|m|β(1−t|m|β)
1−t|m|
∣∣∣∣∣
which is equal to zero. Thus E0(K
m,n) = 0 holds.
By checking all the determinants of l × l submatrices of A′, we can see that
E1(K
m,n) is generated by the following terms:

∆K(t
−β)
{
(1− t|m|), (t−β − 1), 1− t
−|m|β
1− t−β ,
t−|m|β(1− t|m|β)
1− t|m|
}
,
Gi(t
−β)(1− t|m|)
{
(1− t|m|), (t−β − 1), 1− t
−|m|β
1− t−β ,
t−|m|β(1− t|m|β)
1− t|m|
}
,
(1− t|m|)l−1
{
(1− t|m|), (t−β − 1), 1− t
−|m|β
1− t−β ,
t−|m|β(1− t|m|β)
1− t|m|
}
.
Here ∆K(t) is the Alexander polynomial of K, which is given, up to unit, as the
common factor of all determinants of (l − 1)× (l − 1) submatrices of B1, and Gi(t)
are the generators of E2(K). Thus we have the assertion.
Now we prove the main theorem in this chapter.
Theorem 5.0.5. Let Km1,n11 , K
m2,n2
2 be branched twist spins constructed from 1-
knots K1 and K2 in S
3, respectively.
(1) If m1,m2 are even and |∆K1(−1)| ̸= |∆K2(−1)| then Km1,n11 ∼/ Km2,n22 .
(2) If m1 is even, m2 is odd and |∆K1(−1)| ̸= 1 then Km1,n11 ∼/ Km2,n22 .
Proof of Theorem 5.0.5. We prove the assertion by contraposition. Suppose that
Km1,n11 ∼ Km2,n22 . Let Gij(t) be the generators of E2(Ki). From Lemma 5.0.4, for
each i = 1, 2, E1(K
mi,ni) is generated by
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
∆Ki(t
βi)
{
(1− t|mi|), (1− tβi), 1− t
|mi|βi
1− tβi ,
1− t|mi|βi
1− t|mi| ,
}
,
Gij(t
βi)(1− t|mi|)
{
(1− t|mi|), (1− tβi), 1− t
|mi|βi
1− tβi ,
1− t|mi|βi
1− t|mi|
}
,
(1− t|mi|)li−1
{
(1− t|mi|), (1− tβi), 1− t
|mi|βi
1− tβi ,
1− t|mi|βi
1− t|mi|
}
.
Since the ideals E1(K
m1,n1
1 ) and E1(K
m2,n2
2 ) coincide, each generator of E1(K
m1,n1
1 )
is a linear combination of generators of E1(K
m2,n2
2 ) over Z[t, t−1]. Thus, for instance,
we have
∆K2(t
β2)(1− tm2)
= ∆K1(t
β1)×
{
P1(t)(1− t|m1|) + P2(t)(1− tβ1) + P3(t)1− t
|m1|β1
1− tβ1 + P4(t)
1− t|m1|β1
1− t|m1|
}
+
∑
j
G1j(t
β1)(1− t|m1|)×{
P j5 (t)(1− t|m1|) + P j6 (t)(1− tβ1) + P j7 (t)
1− t|m1|β1
1− tβ1 + P
j
8 (t)
1− t|m1|β1
1− t|m1|
}
+ (1− t|m1|)l1−1×{
P9(t)(1− t|m1|) + P10(t)(1− tβ1) + P11(t)1− t
|m1|β1
1− tβ1 + P12(t)
1− t|m1|β1
1− t|m1|
}
,
where Pk(t), P
j
k (t) ∈ Z[t, t−1] are Laurent polynomials. Sincem1 and β1 are relatively
prime, β1 is odd. Substituting −1 for the above equation’s t, we have
∆K1(−1)(2P2(−1) + β1P4(−1)) = ∆K2((−1)β2)(1− (−1)|m2|).
If m2 is even then 2P2(−1) + β1P4(−1) = 0 since ∆K(−1) ̸= 0 for any 1-knot K. If
m2 is odd then
∆K2(1)
∆K1(−1)
=
1
∆K1(−1)
=
2P2(−1) + β1P4(−1)
2
∈ Z
2
since β2 can be chosen to be even and ∆K(1) = 1 for any 1-knot K.
The same arguments for other generators ∆K2(t
β2)
(1− tβ2), 1− t
|m2|β2
1− tβ2 ,
1− t|m2|β2
1− t|m2|

of E1(K
m2,n2
2 ) lead the following table:
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The generators of E1(K
m2,n2
2 ) 1− t|m2| 1− tβ2
1− t|m2|β2
1− tβ2
1− t|m2|β2
1− t|m2|
(m2, β1, β2) = (e, o, o) P Z/2 P Z/β2
(m2, β1, β2) = (o, o, e) Z/2 P Z/|m2| P
The second column explains the case of the generator ∆K2(t
β2)(1− t|m2|), which
we have seen above. If (m2, β1, β2) = (e, o, o), where e and o stand for even and
odd, respectively, then we have 2P2(−1) + β1P4(−1) = 0, which is represented by
“P” in the table. Note that we cannot get any information of ∆K1(t) and ∆K2(t)
from the information “P”. If (m2, β1, β2) = (o, o, e) then
∆K2 ((−1)β2 )
∆K1 (−1)
∈ Z/2, which
is represented by “Z/2”. The 3rd, 4th, and 5th columns are filled by the same
way for the other generators ∆K2(t
β2)(1 − tβ2), ∆K2(tβ2)1−t
|m2|β2
1−tβ2 , ∆K2(t
β2)1−t
|m2|β2
1−t|m2| ,
respectively.
In the case where m2 is odd, from this table, we have
∆K2 ((−1)β2 )
∆K1 (−1)
∈ Z/2∩Z/|m2|.
We may choose β2 to be even. Then |∆K1(−1)| = 1 holds.
In the case where m2 is even, since β2 is odd, by the same argument we have
∆K2 (−1)
∆K1 (−1)
∈ Z. By applying the same argument with exchanging K1 and K2, we have
∆K1 (−1)
∆K2 (−1)
∈ Z. Thus |∆K2(−1)| = |∆K1(−1)|.
Chapter 6
Irreducible representations
In this chapter, we introduce three presentations defined by Lin, Plotnick and
Nagasato-Yamaguchi and we prove the following Theorem by using these presen-
tations.
Theorem 6.0.1. The number of conjugacy classes of irreducible SL(2,C)-metabelian
representations of pi1(S
4 \ intN(Km,n)) is
|∆K(−1)| − 1
2
(m : even)
0 (m : odd),
where N(Km,n) is a compact tubular neighborhood of Km,n in S4.
6.1 Lin’s presentation
Let K be a 1-knot in S3. A Seifert surface S of K is said to be free if S3 =
N(S)∪ (S3 \ intN(S)) gives a Heegaard splitting of S3. It is known that any 1-knot
has a free Seifert surface. A presentation of pi1(S
3 \ intN(K)) is obtained from the
Heegaard splitting associated to a free Seifert surface as follows: Let S be a free
Seifert surface of K of genus g and W be a spine of S. Then H1 = S × [−1, 1]
and H2 = S
3 \ intH1 form a Heegaard splitting of S3. Let K ′ be a simple closed
curve obtained from K by pushing it into H1 slightly. Choose a base point ∗ in
35
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W ⊂ S×{0} such that ∗ does not onK andK ′. SinceH1 andH2 are handlebodies of
genus 2g, we may choose generators a1, . . . , a2g of pi1(H1) and generators x1, . . . , x2g
of pi1(H2). Let a
+
1 , . . . , a
+
2g and a
−
1 , . . . , a
−
2g denote the loops a1 × {1}, . . . , a2g × {1}
and a1 × {−1}, . . . , a2g × {−1}. Each a+i (resp. a−i ) is represented by a word in
x1, . . . , x2g by the homeomorphism from ∂H2 to ∂H1. The words of a
+
i (resp. a
−
i )
are denoted by αi (resp. βi) for i = 1, . . . , 2g. There is a unique arc c, up to isotopy,
such that (∗ × [−1, 1]) ∪ c is a meridian of K ′. The homotopy class of this loop is
denoted by µ. From the van Kampen theorem, the following theorem holds:
Lemma 6.1.1 (Lin [19]). Let K be a 1-knot in S3 and S be a free Seifert surface
of K. Let S3 = H1 ∪ H2 be the Heegaard splitting associated to S. For generators
x1, . . . , x2g of pi1(H2), pi1(S
3 \ intN(K)) has the following presentation:
pi1(S
3 \ intN(K)) ∼= 〈x1, . . . , x2g, µ | µαiµ−1 = βi〉, (6.1.1)
where g is the genus of S, and αi, βi are the words in x1, . . . , x2g determined above.
Let 〈x1, . . . , x2g, µ | µαiµ−1 = βi〉 be a Lin’s presentation of pi1(S3 \ intN(K)).
Denote the sum of indices of xj in αi by vij and that in βi by uij. Then the
2g × 2g matrix V = (vij) is defined. The matrix V is called a Seifert matrix
and det(V + tV ) is called the knot determinant of K, which is equal to ∆K(−1).
Note that all generators x1, . . . , x2g are commutators of pi1(S
3 \ intN(K)). Let
ρ0 : pi1(S
3 \ intN(K))→ SL(2,C) be an SL(2,C)-metabelian representation. Since
all x1, . . . , x2g are commutators of pi1(S
3 \ intN(K)), we can assume that
ρ0(xi) =
(
λi 0
0 λi
−1
)
or ±
(
1 ωi
0 1
)
(i = 1, . . . , 2g), (6.1.2)
up to conjugation. If there exists i ∈ {1, . . . , 2g} such that ρ0(xi) is ±
(
1 ωi
0 1
)
,
then all ρ(xj) are of the forms ±
(
1 ωj
0 1
)
. This implies that all ρ(xj) are conjugate
to each other and such a representation is abelian, especially reducible. Therefore
an irreducible SL(2,C)-metabelian representation satisfies
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ρ(xi) =
(
λi 0
0 λi
−1
)
, ρ(µ) =
(
0 −1
1 0
)
(i = 1, . . . , 2g), (6.1.3)
up to conjugation. Since αi and βi are represented by words in x1, . . . , x2g, each
ρ0(αi) and ρ0(βi) is a diagonal matrix. From (6.1.3), Lin checked directly the number
of irreducible SU(2,C)-metabelian representations of pi1(S3 \ intN(K)).
Theorem 6.1.2 (Lin [19]). The number of conjugacy classes of irreducible SU(2,C)-
metabelian representations of pi1(S
3 \ intN(K)) is
|∆K(−1)| − 1
2
.
Remark 6.1.3. In [22], Nagasato showed that the same statement holds for irre-
ducible SL(2,C)-metabelian representations of pi1(S3 \ intN(K)).
6.2 Nagasato-Yamaguchi’s presentation
Let MK be the m-fold cyclic branched cover of S
3 along K and τ be the canonical
deck transformation onMK . There exists a fundamental region ofMK that contains
a free Seifert surface of K. Nagasato and Yamaguchi gave a presentation of pi1(MK)
from the Lin’s presentation of pi1(S
3 \ intN(K)).
Theorem 6.2.1 (Nagasato,Yamaguchi [23]). Let 〈x1, . . . , x2g, µ | µαiµ−1 = βi〉 be
a Lin’s presentation of a 1-knot K. Then pi1(MK) has the following presentation:
pi1(MK) ∼= 〈τ 0x˜1, . . . , τ 0x˜2g, . . . , τm−1x˜1, . . . , τm−1x˜2g | α˜(j)i = β˜(j−1)i 〉,
where x˜i is the lift of xi to MK, and α˜
(j)
i , β˜
(j)
i are the words obtained from αi, βi
by replacing x1, . . . x2g with τ
jx˜1, . . . , τ
jx˜2g for i = 1, . . . , 2g and j ≡ 0, . . . ,m −
1 (mod m).
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6.3 Plotnick’s presentation
Assume that m ̸= 0. We ignore the orientation of Km,n since we are interested
in the fundamental group of its complement. As we mentioned in Section 4.2,
changing the orientation of K and the sign of m if necessary, we can assume that
m is positive. Pao described the knot complement of Km,n as follows [25]: Let
MK be the m-fold cyclic branched cover of S
3 along K and τ : MK → MK be
the diffeomorphism associated with the canonical deck transformation of MK . Let
MK ×τn S1 be the manifold obtained from MK × I by identifying MK × {0} with
MK × {1} by (z, 1) 7→ (τnz, 0), where τn means the n-th power of composite of τ .
Note that MK ×τn S1 has the natural S1-action ϕs〈y, t〉 = 〈y, t + s〉, where 〈y, t〉
denotes the image of (y, t) ∈MK × I by the identification. Let x be a branch point
of MK . Then the orbit of 〈x, 0〉 is a circle in MK ×τn S1. There is a neighborhood
of the orbit which is invariant by the S1-action, denoted by T . It is known in [25]
that the knot complement of Km,n is diffeomorphic to (MK ×τn S1) \ intT , which is
also diffeomorphic to punc(MK) ×τn S1, where punc(MK) = MK \ intD3 with D3
being a 3-ball in MK . Note that K
m,n is regarded as the branch set of the n-fold
cyclic branched cover of S4 along the m-twist spun knot of K.
The following lemma is shown by Plotnick in [28].
Lemma 6.3.1 (Plotnick [28]). Let Km,n be a branched twist spin of K. Then the
following holds:
pi1(S
4 \ intN(Km,n)) ∼= pi1(punc(MK)) ∗ 〈η〉/〈η(τnz)η−1 = z for all z ∈ pi1(MK)〉,
where η is a meridian of Km,n.
6.4 Proof of Theorem 6.0.1
By applying a Nagasato-Yamaguchi’s presentation to punc(MK), the presentation
in Lemma 6.3.1 can be written as follows:
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〈τ 0x˜1, . . . , τ 0x˜2g, . . . , τm−1x˜1, . . . ,τm−1x˜2g, η |
α˜
(j)
i = β˜
(j−1)
i , ητ
j+nx˜iη
−1 = τ jx˜i〉.
(6.4.1)
We first introduce a property of irreducible SL(2,C)-metabelian representations
of pi1(S
4 \ intN(Km,n)) from (6.4.1).
Lemma 6.4.1. Let ρ be an irreducible SL(2,C)-metabelian representation of pi1(S4\
intN(Km,n)). Then, up to conjugation, ρ is of the form
ρ(τ jx˜i) =
(
λ
(j)
i 0
0 λ
(j)
i
−1
)
ρ(η) =
(
0 −1
1 0
)
,
where i = 1, . . . , 2g, j ≡ 0, . . . ,m− 1 (mod m), and λ(j)i ̸= λ(j)i
−1
for some i, j.
Proof. Since ρ is a metabelian representation, ρ([pi1(S
4\intN(Km,n)), pi1(S4\intN(Km,n))])
is an abelian group. Up to conjugation of ρ, we can assume that ρ(x) is a diago-
nal matrix for any x ∈ [pi1(S4 \ intN(Km,n)), pi1(S4 \ intN(Km,n))]. The first ho-
mology group H1(S
4 \ intN(Km,n);Z) of S4 \ intN(Km,n) is isomorphic to pi1(S4 \
intN(Km,n))/[pi1(S
4\intN(Km,n)), pi1(S4\intN(Km,n))] and is generated by η. Since
the generators τ jx˜1, . . . , τ
jx˜2g are on the j-th copy of the free Seifert surface of K
contained in MK , all τ
jx˜i are commutators in pi1(S
4 \ intN(Km,n)). Thus ρ(τ jx˜i)
are of the forms
ρ(τ jx˜i) =
(
λ
(j)
i 0
0 λ
(j)
i
−1
)
(λ
(j)
i ∈ C \ 0),
see the observation around (6.1.3). The matrix ρ(η) is determined by the relations
ητ j+nx˜iη
−1 = τ jx˜i as follows. Set ρ(η) =
(
a b
c d
)
∈ SL(2,C). Then ρ(ητ j+nx˜i) and
ρ(τ jx˜iη) are given as
ρ(ητ j+nx˜i) =
(
a b
c d
)(
λ
(j+n)
i 0
0 λ
(j+n)
i
−1
)
=
(
aλ
(j+n)
i bλ
(j+n)
i
−1
cλ
(j+n)
i dλ
(j+n)
i
−1
)
,
ρ(τ jx˜iη) =
(
λ
(j)
i 0
0 λ
(j)
i
−1
)(
a b
c d
)
=
(
aλ
(j)
i bλ
(j)
i
cλ
(j)
i
−1
dλ
(j)
i
−1
)
.
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These two matrices must be the same. Assume that λ
(j+n)
i = λ
(j)
i for all i, j. Since
m and n are coprime, λ
(j)
i = λ
(0)
i for any i, j. If λ
(0)
i = λ
(0)
i
−1
for any i, then
ρ(τ (j)x˜i) =
(
±1 0
0 ±1
)
for any i, j. Then ρ is not irreducible. If λ
(0)
i ̸= λ(0)i
−1
for some i, then ρ(η) is a diagonal matrix and ρ(pi1(S
4 \ intN(Km,n))) becomes an
abelian group. It also contradicts the irreducibility of ρ. Therefore λ
(j+n)
i ̸= λ(j)i for
some i, j. In this case, a = d = 0 and ρ(η) =
(
0 b
−b−1 0
)
. Set B =
(
b
1
2 0
0 b−
1
2
)
.
Since Bρ(η)B−1 =
(
0 −1
1 0
)
and Bρ(τ jx˜i)B
−1 = ρ(τ jx˜i), we have ρ(η) =
(
0 −1
1 0
)
up to conjugation.
Let S0 be a free Seifert surface of K contained in a fundamental region of MK ,
where MK is a fiber of K
m,n. Let S1, . . . , Sm−1 be copies of S0 by the deck trans-
formations. We want to know relation between λ
(j)
i and λ
(j+1)
i for j ≡ 1, . . . ,m −
1 (mod m). The relation ητ j+nx˜iη
−1 = τ jx˜i means that the conjugation by η brings
τ j+nx˜i on Sj+n to τ
jx˜i on Sj. Let q be an integer such that nq ≡ 1(mod m) and
take conjugation of τ jx˜i by η
q. Then we obtain the relation
τ jx˜i = ητ
j+nx˜iη
−1 = ηqτ j+nqx˜iη−q = ηqτ j+1x˜iη−q, (6.4.2)
which relates τ j+1x˜i on Sj+1 to τ
jx˜i on Sj, where we used nq ≡ 1 (mod m).
Let ρ be an irreducible SL(2,C)-metabelian representation of pi1(S4\intN(Km,n))
in Lemma 6.4.1. From the relation (6.4.2) and Lemma 6.4.1,
(
λ
(j+1)
i 0
0 λ
(j+1)
i
−1
)
=

(
λ
(j)
i 0
0 λ
(j)
i
−1
)
(q : even)(
λ
(j)
i
−1
0
0 λ
(j)
i
)
(q : odd).
(6.4.3)
Suppose that m is even. Then q is odd since m and q are coprime. We define
the representation ρ by
ρ(x) = ρ(ηxη−1) = ρ(η)ρ(x)ρ(η−1)
CHAPTER 6. IRREDUCIBLE REPRESENTATIONS 41
for all x ∈ pi1(S4 \ intN(Km,n)). Note that ρ(η) =
(
0 −1
1 0
)
by Lemma 6.4.1. In
particular, ρ(x) = ρ(x). By (6.4.3), ρ(τ j+1x˜i) = ρ(τ
jx˜i) for all i, j. Since α˜
(j)
i and
β˜
(j)
i are words written in τ
jx˜1, . . . , τ
jx˜2g, we have
ρ(α˜
(j+1)
i ) = ρ(α˜
(j)
i ), ρ(β˜
(j+1)
i ) = ρ(β˜
(j)
i ). (6.4.4)
On the other hand,
β˜
(j)
i = α˜
(j+1)
i = η
−qα˜(j)i η
q (6.4.5)
holds, where the relation (6.4.2) is applied to the second equality. Since q is odd,
ρ(ηqxη−q) = ρ(ηq)ρ(x)ρ(η−q) = ρ(η)ρ(x)ρ(η−1) = ρ(x). Hence, by (6.4.5), we have
ρ(β˜
(j)
i ) = ρ(α˜
(j)
i ). (6.4.6)
By (6.4.4) and (6.4.6) the relations α˜
(j)
i = β˜
(j−1)
i in (6.4.1) are equivalent to ρ(β˜
(0)
i ) =
ρ(ηα˜
(0)
i η
−1).
The second relations ητ j+nx˜iη
−1 = τ jx˜i in (6.4.1) are equivalent to ηqτ j+1x˜iη−q =
τ jx˜i for all j as checked in (6.4.2). Therefore ρ(ητ
j+nx˜iη
−1) = ρ(τ jx˜i) are equivalent
to ρ(ητ j+1x˜iη
−1) = ρ(τ jx˜i). Hence the number of irreducible SL(2,C)-representations
of the presentation (6.4.1) is equal to that of representations of the group presented
by
〈τ 0x˜1, . . . , τ 0x˜2g, . . . , τm−1x˜1, . . . , τm−1x˜2g, η | ηα˜(0)i η−1 = β˜(0)i , ητ j+1x˜iη−1 = τ jx˜i〉.
(6.4.7)
Now, we reduce the generators τ 1x˜1, . . . , τ
1x˜2g, . . . , τ
m−1x˜1, . . . , τm−1x˜2g and the re-
lations ητ j+1x˜iη
−1 = τ jx˜i from the above presentation to simplify counting the
number of irreducible SL(2,C)-metabelian representations of pi1(S4 \ intN(Km,n)).
Lemma 6.4.2. Let m be an even integer. Then the number of irreducible SL(2,C)-
metabelian representations of pi1(S
4 \ intN(Km,n)) coincides with that of the group
G presented by
〈τ 0x˜1, . . . , τ 0x˜2g, η | ηα˜(0)i η−1 = β˜(0)i 〉. (6.4.8)
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Proof. A representation of (6.4.7) is a representation of (6.4.8). So, we prove the
converse. The representation of τ jx˜i for j ≡ 1, . . . ,m − 1 (mod m) is determined
by the equality ρ(τ j+1x˜i) = ρ(τ
jx˜i) obtained from (6.4.3). Hence, it is enough to
prove that any irreducible SL(2,C)-metamerian representation ρ of (6.4.8) has the
property ρ(ητ 0x˜iη
−1) = ρ(τ 0x˜i). Since the presentation in (6.4.8) is exactly of the
same form as the Lin’s presentation (6.1.1), all ρ(τ 0x˜i) and ρ(η) are of the forms
ρ(τ 0x˜i) =
(
λ
(0)
i 0
0 λ
(0)
i
−1
)
, ρ(η) =
(
0 −1
1 0
)
,
for i = 1, . . . , 2g up to conjugation, see [22]. Then, by the definition of ρ,
ρ(τ 0x˜i) =
(
λ
(0)
i
−1
0
0 λ
(0)
i
)
, ρ(η) =
(
0 −1
1 0
)
hold. Therefore ρ(ητ 0x˜iη
−1) =
(
λ
(0)
i
−1
0
0 λ
(0)
i
)
, and this is ρ(τ 0x˜i).
Proof of Theorem 6.0.1. We divide the proof into two cases: (1) m is even or (2) m
is odd. In case (1), by Lemma 6.4.2, we only need to count the number of irreducible
SL(2,C)-metabelian representations of G in the lemma. Since the presentation in
(6.4.8) is exactly of the same form as the Lin’s presentation (6.1.1), each λ
(0)
1 , . . . , λ
(0)
2g
must satisfy the following equations as explained in [19]:
e
√−1r1ωi1θi · · · r2gωi2gθ2g = 1, (6.4.9)
r1
ωi1 · · · r2gωi2g = 1, (6.4.10)
where λ
(0)
i = rie
√−1θi for i = 1, . . . , 2g and the matrix (ωij) = V + tV is defined
in Section 6.1. With some linear algebra, one can see that the solution of (6.4.10)
is (r1, . . . , r2g) = (1, . . . , 1) and the number of non-trivial solutions of (6.4.9) is
|det(V + tV )| − 1 = |∆K(−1)| − 1. If {γi}0≤i≤2g is a solution of (6.4.9) and (6.4.10),
then {γi−1}0≤i≤2g is also, which is given by the conjugation of ρ. Therefore the
number of irreducible SL(2,C)-metabelian representations of pi1(S4 \ intN(Km,n))
is |∆K(−1)|−1
2
.
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In case (2), if q is even, then λ
(j)
i = λ
(0)
i for all j by (6.4.3). Then the re-
lation ητ j+nx˜iη
−1 = τ jx˜i in (6.4.1) gives λ
(j)
i = λ
(j)
i
−1
for all i, j. In this case,
there is no irreducible SL(2,C)-metabelian representation of pi1(S4 \ intN(Km,n))
by Lemma 6.4.1. Suppose that q is odd. From the relations (6.4.2), we have
τ jx˜i = η
qτ j+1x˜iη
−q = ηmqτ j+mx˜iη−mq = ηmqτ jx˜iη−mq.
Then we have λ
(j)
i = λ
(j)
i
−1
for all i, j since mq is odd, and hence there is no irre-
ducible SL(2,C)-metabelian representation of pi1(S4 \ intN(Km,n)) by Lemma 6.4.1.
Chapter 7
Gluck twists
In this chapter, we introduce Gluck twists briefly and prove Theorem 7.2.2.
A Gluck twist is one of the important surgeries of 4-manifolds. It is known that
a manifold obtained from S4 by the Gluck twist along a 2-knot is a homotopy 4-
sphere. However, it is still a question whether the Gluck twist along a 2-knot yields
again S4 or not [18]. In 1976, Gordon showed that the manifold obtained from S4
by the Gluck twist along an m-twist spun knot Km,1 is always S4 for any K and
integer m [13], and Pao showed the same statement for all branched twist spins [25].
For twist spun knots, Gordon showed Σ(Km,1) = Σ(Km+1,1) by constructing
these manifolds from the pieces in (4.2.2).
7.1 Gluck twists on general 4-manifolds
Let M be an (n + 2)-dimensional manifold and K be an n-knot in M . We can
construct a new manifold by removing a neighborhood N(K) of K and regluing
Sn×D2 with some homeomorphism γ : Sn× S1 → Sn× S1. The pair (M,Sn) only
depends on the homeotopy class of γ, and Gluck showed the group of homeotopy
classes is isomorphic to Z2×Z2×Z2 if n ≥ 2 [12]. The first two factors correspond to
the orientation-reversals of Sn and S1 and the last factor is generated by σ = λ ∪ ν
44
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defined by
λ(x, (r, θ), φ) = (x, (r, θ − φ), φ) (x, (r, θ), φ) ∈ (∂Dn−1 ×D2)× S1 ⊂ Sn × S1,
ν(x, θ, φ) = (x, θ − φ, φ) (x, θ, φ) ∈ (Dn−1 × ∂D2)× S1 ⊂ Sn × S1.
The map σ represents the twist of Sn about its polar Sn−2 once while Sn rotates
one time along S1. The operation that constructs a new manifold by removing a
neighborhood N(K) of K and regluing Sn ×D2 with σ is called the Gluck twist of
M along K. We denote by Σ(K) the manifold obtained by the Gluck twist of S4
along K.
7.2 Gluck twist along Km,n
We give a decomposition of Σ(Km,n) from the decomposition (4.2.2). By definition,
Km,n is the core of the union of D2m× ∂F ∗×D2n and ∂D2m×Ec∗n ×D2n and Σ(Km,n)
is diffeomorphic to (S2 ×B2) ∪σ Xm,n. Here
S2 ×B2 ∼= (D2 × ∂I ×B2) ∪id∂D2×∂I×B2 (∂D2 × I ×B2)
is regarded as
(D2m × ∂Ec∗n ×D2n) ∪id∂D2m×∂Ec∗m×D2n (∂D
2
m × Ec∗n ×D2n),
where id∂D2×∂I×B2 is the canonical gluing map on ∂D2×∂I×B2 and id∂D2m×∂Ec∗n ×D2n
is that on ∂D2m × ∂Ec∗n × D2n. We use either D2 or B2 instead of D2m, D2n and
use I instead of E∗ since we do not define the S1-action on the pieces (D2 × ∂I ×
B2)∪id∂D2×∂I×B2 (∂D2×I×B2) yet. Note that, before the Gluck twist, D2×∂I×∂B2
and D2m × ∂Ec∗m × ∂D2n are glued identically. We denote this gluing map by e′′. The
Gluck twist σ is the union of ν and ν ′ that are defined by
ν((r1, θ1), x, θ2) = ((r1, θ1 − θ2), x, θ2) on D2 × ∂I × ∂B2,
ν ′(θ1, x, θ2) = (θ1 − θ2, x, θ2) on ∂D2 × I × ∂B2.
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Using these maps, the decomposition of Σ(Km,n) is given as(
(D2 × ∂I ×B2) ∪id∂D2×∂I×B2 (∂D2 × I ×B2)
)
∪λ∪λ′
(
(D2m × Ec∗m × ∂D2n) ∪g (X × S1)
)
,
(7.2.1)
where λ = e′′ ◦ ν and λ′ = e ◦ ν ′. Focusing on the coordinates of ∂D2 × ∂B2,
we may represent the map ν ∪ ν ′ by the matrix
(
1 −1
0 1
)
since it is given by
(cθ1 , cθ2) 7→ (cθ1 , cθ2)
(
1 −1
0 1
)
. Therefore λ and λ′ are represented by the matrices(
1 −1
0 1
)
and
(
εm −εn
β α
)(
1 −1
0 1
)
, respectively.
The next theorem is proved by Pao in [25]. We give a more precise proof of this
assertion which will be used in the proof of Theorem 7.2.2.
Theorem 7.2.1 (Pao). Let (m,n) ∈ Z × N be a coprime pair. Then Σ(Km,n) is
diffeomorphic to S4.
Proof. Since it is known by Gordon that Σ(K0,1) is diffeomorphic to S4 [13], we
assume that m ̸= 0. The proof is based on the Gordon’s argument in [13], that is,
we rearrange the decomposition (7.2.1) to another decomposition(
(D2 × ∂I ×B2) ∪iˆd (∂D2m × Ec∗m ×D2n)
) ∪µ∪µ′ ((D2 × I × ∂B2) ∪g˜ (X × S1)) ,
(7.2.2)
where µ and µ′ will be chosen such that the glued 4-manifold becomes Σ(Km+n,n).
See Figure 7.1 for this rearrangement.
Figure 7.1: Decompositions of Σ(Km,n) and Σ(Km+n,n)
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First, we focus on (∂D2 × I × B2) ∪λ′ (X × S1). See the box of First step in
Figure 7.2. Let idX×S1 be the identity map on X × S1 and u : D2 × I × ∂B2 →
First step Second step
Figure 7.2: Replacing pieces of Σ(Km,n)
∂D2 × I ×B2 be the map defined by
u((r1, θ1), x, θ2) = (θ2, x, (r1,−θ1 + θ2)),
which corresponds to the matrix
(
0 1
−1 1
)
. Set id∂X×S1 to be the restriction of
idX×S1 to ∂X × S1 and set uˆ = u|∂D2×I×∂B2 . Then u−1∪idX×S1 is a homeomorphism
from (∂D2 × I ×B2) ∪λ′ (X × S1) to
(D2 × I × ∂B2) ∪g˜ (X × S1), (7.2.3)
where g˜ = idX×S1 ◦ λ′ ◦ uˆ. We can check that g˜ corresponds to the matrix(
1 0
0 1
)(
εm −εn
β α
)(
1 −1
0 1
)(
0 1
−1 1
)
=
(
ε(m+ n) −εn
−α + β α
)
.
If m < 0 and |m| < n then the left-top entry ε(m + n) of the above matrix is
negative. In this case, replacing (θ1, x, θ2) with (−θ1, x,−θ2), we change the matrix(
ε(m+ n) −εn
−α + β α
)
into
(
−ε(m+ n) εn
α− β −α
)
=
(
ε′(m+ n) −ε′n
α− β −α
)
, where ε′ = 1
if m + n > 0 and ε′ = −1 if m + n < 0, so that the left-top entry of the above
matrix becomes positive. This is necessary since the matrix presentation of the
decomposition in (4.2.1) is given with this property.
CHAPTER 7. GLUCK TWISTS 48
Next we focus on (D2×∂I×B2)∪λ (D2m×Ec∗m×∂D2n). See the box of Second step
in Figure 7.2. Let v : D2m×Ec∗m × ∂D2n → ∂D2m×Ec∗m ×D2n and w : D2× ∂I ×B2 →
D2×∂I×B2 be the homeomorphisms given by
(
0 −1
1 1
)
and
(
0 1
−1 0
)
, respectively.
Set vˆ = v|D2m×∂Ec∗m×∂D2n and wˆ = w|∂D2×∂I×B2 . Note that w is chosen so as to
exchange the basis ofD2 andB2 inD2×B2 and v is chosen so that vˆ◦λ◦wˆ = iˆd, where
iˆd is the identification from ∂D2×∂I×B2 to ∂D2m×∂Ec∗m ×D2n ⊂ ∂D2m×Ec∗m ×D2n.
The map w−1∪v induces a homeomorphism from (D2×∂I×B2)∪λ(D2m×Ec∗m×∂D2n)
to
(D2 × ∂I ×B2) ∪iˆd (∂D2m × Ec∗m ×D2n). (7.2.4)
Finally we rearrange the decomposition (7.2.1) of Σ(Km,n) to the decomposition
(7.2.2) using (7.2.3) and (7.2.4), where µ and µ′ are chosen as µ = uˆ−1◦id∂D2×∂I×B2 ◦
wˆ and µ′ = id∂X×S1 ◦ g ◦ vˆ−1. Note that these maps are the composites of the maps
in the first and second rows in Figure 7.2. We can check that µ corresponds to the
matrix (
0 1
−1 1
)−1(
1 0
0 1
)(
0 1
−1 0
)
=
(
1 1
0 1
)
and µ′ corresponds to the matrix(
1 0
0 1
)(
εm −εn
β α
)(
0 −1
1 1
)−1
=
(
ε(m+ n) εm
−α + β β
)
.
By changing the orientations of θ1 and θ2 if necessary as before, the latter matrix is
replaced by
(
ε′(m+ n) ε′m
α− β −β
)
, which can be written as
(
ε′(m+ n) −ε′n
α− β −α
)(
1 1
0 1
)
.
Therefore the map µ∪µ′ is nothing but the inverse of the Gluck twist σ on S4 along
the 2-knot Km+n,n that is the core of (D2 × ∂I ×B2) ∪iˆd (∂D2m ×Ec∗m ×D2n) before
the Gluck twist.
Since the Gluck twist σ is isotopic to σ−1, the 4-manifold on the right in Figure
7.1 is Σ(Km+n,n). On the other hand, since the gluing maps in Figure 7.2 are
commutative, the 4-manifold on the left in Figure 7.1 is diffeomorphic to that on
the right. Thus Σ(Km,n) is diffeomorphic to Σ(Km+n,n). All arguments in this proof
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can be applied to Kεn,εm instead of Km,n. Finally, by using Euclidean algorithm as
Pao did, we conclude
Σ(Km,n) = Σ(Kk,1) for some k ∈ Z.
Since Σ(Kk,1) is diffeomorphic to S4 [13], the assertion holds.
Theorem 7.2.2. Let (m,n) ∈ (Z \ {0}) × N be a coprime pair. Then Km+n,n is
obtained from Km,n by the Gluck twist along Kεn,εm, where ε = 1 if m > 0 and
ε = −1 if m < 0.
Proof. We decompose S4 along Kεn,εm into five pieces and glue them so that it
realizes the Gluck twist of S4 along Kεn,εm. The glued 4-manifold Σ(Kεn,εm) is
given as(
(D2 × ∂I ×B2) ∪ (D2 × I × ∂B2)) ∪λ˜∪λ˜′ ((∂D2m × Ec∗n ×D2n) ∪e (X × S1)) ,
(7.2.5)
where the gluing map λ˜ ∪ λ˜′ is the one given in the decomposition (7.2.1) with
exchanging the orders m and n. Note that Σ(Kεn,εm) is S4 by Theorem 7.2.1.
The union (D2 × ∂I × B2) ∪λ (∂D2m × Ec∗n × D2n) constitutes a neighborhood of
a 2-knot in Σ(Kεn,εm) and our assertion is that the core of this union is Km+n,n.
Since the decomposition (7.2.5) is given according to the orbit data {(S3, K),m, n},
the complement of (D2 × ∂I × B2) ∪ (D2 × I × ∂B2) has the S1-action such that
{0}× I × ∂B2 consists of exceptional orbits of order n. Thanks to the classification
of Fintushel and Pao, it is enough to show that this S1-action extends to (D2×∂I×
B2) ∪ (D2 × I × ∂B2) with exceptional orbits of order n and m+ n.
Recall that, in case of (7.2.1), λ : D2× ∂I × ∂B2 → D2× ∂I × ∂B2 is defined by
λ((r1, θ1), x, θ2) = ((r1, θ1 − θ2), x, θ2).
In the current setting, m and n are exchanged, and the “roles” of D2 and B2 are
exchanged. Hence the gluing map λ after the Gluck twist is changed into the map
λ˜ : ∂D2 × ∂I ×B2 → ∂D2 × ∂I ×B2 defined by
λ˜(θ1, x, (r2, θ2)) = (θ1, x, (r2,−θ1 + θ2)),
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instead of λ. The S1-action on ∂D2m × Ec∗n ×D2n before the Gluck twist is given as
ψ · (θ1, x, (r2, θ2)) 7→ (θ1 − εnψ, x, (r2, θ2 + εmψ)).
Hence, after the Gluck twist, the S1-action on ∂D2 × I ×B2 is given by
ψ · (θ1, x, (r2, θ2)) 7→ (θ1 − ε′nψ, x, (r2, θ2 + ε′(m+ n)ψ)),
where ε′ = 1 if m + n > 0 and ε′ = −1 if m + n < 0. Thus the S1-action on the
complement of (D2 × ∂I × B2) ∪ (D2 × I × ∂B2) extends to D2 × I × ∂B2 with
exceptional orbits of orderm+n. Since ∂(D2×∂I×B2) is the union of ∂D2×∂I×B2
and D2× ∂I × ∂B2 and they have the S1-actions with exceptional orbits of order n
and m + n, respectively, these actions extend to D2 × ∂I × B2 canonically. Hence
the S1-action extends to the whole Σ(Kεn,εm).
Note that we can regard the Gluck twist of S4 along Kεn,εm as the replacement
of E∗n by E
∗
m+n in the orbit space S
3, see Figure 7.3.
Figure 7.3: The change of the orbit space by the Gluck twist along Kεn,εm
We close this chapter with a corollary. In [13] Gordon showed that Km,1 is not
determined by its complement if m is odd and the universal cover of m-fold cyclic
branched cover of S3 along K is R3. This means that, due to Theorem 7.2.2, Km,1 is
not equivalent to Kε
′m,ε′(m+1) but the knot complements are homeomorphic. More
generally, Plotnick showed any non-trivial fibered 2-knot L with odd monodromy
is not determined by its complement [27]. In order to remove the assumption of
Gordon’s statement, he used an algebraic property of the knot group and “special
isometry” on the second homotopy group of a “spun manifold” of the closure of
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the fiber. Applying his observation to Theorem 7.2.2, we may obtain the following
corollary.
Corollary 7.2.3. Assume that m is odd and Km,n is non-trivial. Then Km,n and
Kε
′m,ε′(m+n) are not equivalent but their complements are homeomorphic, where ε′ =
1 if m+ n > 0 and ε′ = −1 if m+ n < 0.
Proof. Consider S4 with the S1-action of orbit data {(S3, K),m, n} and set Km,n =
En ∪ F and Kεn,εm = Em ∪ F . Applying Theorem 7.2.2 to the Gluck twist along
Km,n, we see that the 2-knot Kε(m+n),εm is obtained from Kεn,εm by the Gluck twist
along Km,n and the image of Km,n in Σ(Km,n) is Kε
′m,ε′(m+n). Moreover, Km,n
and Kε
′m,ε′(m+n) have the same complement. Since the order of the monodormy of
Km,n is m, Km,n and Kε
′m,ε′(m+n) are not equivalent by Theorem 6.2 in [27] if m is
odd.
Remark 7.2.4. A pair of two 2-knots (L,L′) is a Montesinos twin if L and L′ meet
transversely twice. By definition, the twin (Km,n, Kεn,εm) is a Montesinos twin. A
2-knot L is said to be reflexive if L and the image of L by the Gluck twist along L
are equivalent. It is known by Hillman and Plotnick that Km,n is not reflexive if K is
a non-trivial torus or hyperbolic 1-knot, m > n and m ≥ 3 [16]. By Theorem 7.2.2,
the twin (Km,n, Kεn,εm) in S4 is changed into the twin (Kε
′m,ε′(m+n), Kε(m+n),εm) in
Σ(Km,n) by the Gluck twist along Km,n and the twin (Kε
′m,ε′(m+n), Kε(m+n),εm) in
Σ(Km,n) is changed into (Kε
′′m,ε′′(2m+n), Kε(2m+n),εm) in Σ(Kε
′m,ε′(m+n)) by the Gluck
twist along Kε
′m,ε′(m+n), where ε′′ = 1 if 2m + n ≥ 0 and ε′′ = −1 if 2m + n < 0.
The composite of these Gluck twists is nothing but the product of two Gluck twists
along Km,n. Hence Km,n and Kε
′′m,ε′′(2m+n) are equivalent. This implies that the
assumption m > n in the above assertion in [16] is not necessary.
Remark 7.2.5. In [9], we found a sufficient condition to distinguish branched twist
spins by using the first elementary ideal when m is even. However we cannot apply
this argument in the case where the original 1-knots of branched twist spins are the
same. The above corollary gives a sufficient condition to distinguish such pairs of
branched twist spins.
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